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On the basis of the probability distributions of structure factors for unit cells containing heavy 
atoms, values of ~ ---- <]FI>2/<I.FI 2> have been derived in terms of r = (27~/27L)½, where 27 = 27f~, 
and the smnmations are respectively over all the heavy atoms (H) and the light atoms (L) in the 
unit cell. In some circumstances values of ~ very different from those given by Wilson are obtained. 

1. Introduct ion 

I n  the first  of m a n y  papers on the probabi l i ty  distribu- 
t ions of X-ray  intensit ies Wilson (1949) derived by 
means  of the central l imit  theorem (Cram6r, 1937, 
pp. 56-60), the distr ibutions corresponding to a large 
number  of atoms arranged randomly  in centro- 
symmetr ica l  and non-centrosymmetr ical  uni t  cells, 
subject  to the condition tha t  no one par t  of the struc- 
ture dominates  the scattering. From the derived 
distr ibut ions Wilson showed tha t  the ratio ~, defined 
by  

= <IFS~/<IFI'.>, 

assumed the values 2 / 7 r -  0.6366 and ~r/4 = 0.7854 
for centrosymmetr ical  and non-centrosymmetr ical  
structures respectively,  and suggested tha t  this ratio 
could be used to differentiate between the two types 
of structure.  

In  a later paper  Howells, Phil l ips & Rogers (1950) 
showed tha t  a number  of.structures gave experimental  
values for ~ in good agreement with the theoretical  
values, though it was recognized tha t  the values given 
by  Wilson are ideal l imit ing values and tha t  in real 
crystals, especially when heavy  atoms dominat ing the 
scattering are present, significant deviations from these 
values can occur. In  the case of the centrosymmetr ical  
(010) projection of 1-ephedrine hydrobromide,  
C10H16ON-Br, for example,  a value of 0.695 was ob- 
ta ined for 0, whereas in the case of the hydrochloride 
a value of 0.647, which is considerably nearer to the 
theore t ica l  value,  was obta ined.  

As an al ternat ive to the ratio test, these authors 
suggested the use of the integral  distr ibution function 
N(z), defined as the fraction of reflexions with I/<I> 
less t han  or equal  to z, and derived expressions for 
this  funct ion for both the centrosymmetr ical  and non- 
centrosymmetr ical  cases. 

The question of the effect on the expected N(z) 
distr ibutions of the presence of atoms of large atomic 
number  in a structure composed largely of atoms of 
smaller  atomic number  has been discussed by  a number  
of later  authors. The impor tan t  cases for consideration 

are those in which the asymmetr ic  uni t  contains one 
heavy  atom or less, and there are then  three cases, 
corresponding to the heavy-a tom contribution t ak ing  
one of the forms 

(1) fg,  (2) fE COS ~It, (3) f n  COS ~u COS OH • 

Hargreaves (1955) has derived N(z) dist r ibut ions 
corresponding to these cases for structures containing 
one atom only in the asymmetr ic  unit ,  and has denoted 
them by n~x.N(z), y ( z ) ,  coN(z). Collin (1955) and Sim 
(1958) have discussed the case of heavy atoms in 
fixed positions, and the lat ter  has given a table of 
N(z) distr ibutions for a triclinic cell containing one 
heavy atom and a number  of light atoms, in terms of 
the parameter  r defined by 

r =fH/Z~, 
where 

m 

i = l  

is a summat ion  over the m light atoms in the uni t  cell. 
In  the present paper  the effect of heavy atoms on 

the Wilson-ratio test is considered for both the oblique 
and rectangular  plane groups, and a table of values 
of ~ for the various cases is given. Where the uni t  cell 
contains more than  one heavy atom the parameter  r 
is defined by 

r = ( ~ . / _ v L ) ½ ,  
where 

: = 1  

is a summat ion  over the n heavy atoms in the uni t  cell. 
Corresponding to the three types of heavy-a tom 

contribution, the test ratio ~ will be denoted by 

(1) m~x.Ql, r and m~.Qi, r, (2) c~l,r and c~,,, 

(3) ~cqi,,, 

where 1 and 1 refer to non-centrosymmetr ic  and 
centrosymmetr ic  structures respectively. 
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2. Oblique projections containinp, one heavy atom 

2.1. Plane group pl  
Let the unit  cell contain one heavy  a tom (H) and 

a number  m of light a toms (L), and choose the origin 
on the heavy  a tom so t ha t  

F(hlc) = x + i y ,  
where 

m 

x = f ~ + ~ Z f i  cos 2z~(hxi+kyi) , 
i = 1  

m 
Y = ~ f i  sin 2z~(hxi+lcyi). 

i = 1  

The probabi l i ty  p(IFI)dlF[ of obtaining a value of [F I 
between IF[ and ]FI+dlF[ is then (Sire, 1958), 

T(]FI)dlF I = 2IF[ (Zz) -~ exp [ -  (IF[ 2+fE)~/2:z] 

× Io(2f , lFl/ZL)dlF[ . 

The average value of [F[, denoted by  <[F[>, is 
(cf. Rice, 1954, p. 251), 

<IFI> = IFIP(IFI)dIF[ 
0 

= Z ~ F ( 3 / 2 ) e x p  [ - f ~ / 2 Z L ]  

× [(1 +f~/XL)Io(f~/2XL) 

+ ( f~/Zz)I~(f~/2XL)] 

-- ½(:~ZL)½ exp (--r2/2)[(1 +r2)Io(r2/2) 

+ r211(r~ /2)]  . 

In  the above equations Io(x ) a n d / l ( X )  a r e  respectively 
the  zero-order and first-order Bessel functions with 
imaginary  a rgument  (Watson,  1922, p. 77). 

Since 
<IF[2> = Z z + f ~ ,  

it  follows tha t  

ma~ eS, r = < l ~ l > ~ / < l ~ l ~ >  
is given by  

~ . ~ ,  ~ -- ¼:~ (1 +r2) -~ exp ( - r~)[ (1  ÷r~)Io (r2/2) 
÷ r2I~ (re/2)] 2 . 

When  r = 0, m~.~,~ = ¼z~ = 0"7854. 

When  r -+ 0% ma~.O~, ~ -+ 1 . 

Values of m~.~,  ~ for various values of r are listed 
in Table 1. 

2.2. Pla~e qroup p2 

The unit  cell contains one heavy  a tom (H) and m 
light a toms (L) so t h a t  the heavy  a tom must  be placed 
on the  centre of s y m m e t r y  a t  the origin, there are 
m/2 light a toms in the  asymmetr ic  uni t  and 

m/2 
F(h/c) - - f B +  2 Z f ~  cos 2:~(hxi÷kyi). 

i = 1  

Table 1. Values of the test ratio ~ as a function of r 

r m a x . ~ ,  r m a x . ~ l ,  r cOi, r c~l , r  ccO~,r 

0 " 0  0 " 6 3 6 6  0 " 7 8 5 4  0 " 6 3 6 6  0 " 7 8 5 4  0 " 6 3 6 6  
0 " 5  0 " 6 4 1 7  0 - 7 8 9 9  0 " 6 4 0 3  - -  - -  
1 . 0  0 . 6 8 0 5  0 . 8 2 1 7  0 . 6 6 6 0  0 - 7 9 9 3  - -  
1 -5  0 . 7 4 7 5  0 . 8 6 8 5  0 . 7 0 4 0  - -  - -  
2 " 0  0 . 8 1 3 7  0 . 9 0 7 6  0 " 7 3 5 6  0 . 8 1 7 1  - -  
2 . 5  0 . 8 6 4 8  0 . 9 3 4 3  0 . 7 5 7 2  - -  - -  
3 . 0  0 . 9 0 0 5  0 . 9 5 1 7  0 . 7 7 1 2  0 . 8 1 9 7  - -  
4 . 0  0 - 9 4 1 2  0 . 9 7 1 1  0 . 7 8 7 1  0 . 8 1 8 9  - -  

5 . 0  0 . 9 6 1 5  0 . 9 8 1 0  0 . 7 9 5 2  0 . 8 1 7 7  - -  

c ~  1 . 0 0 0 0  1 . 0 0 0 0  0 . 8 1 0 6  0 . 8 1 0 6  0 . 6 5 7 0  

p(IFI)dIF[ -- (2Z~2:L)-½ {exp [--(]FI--fH)9"/2ZL] 

+ e x p  [ - ( ] F i +  fH)2/2Y, L]}dIF[ . 

? <[F[> = IFlp(IFI)dIF j 
0 

S = ( 2 : ~ 1 - ½  (Y,½Lx÷f~)Z~ exp ( - x2 /2 ldx  
- - r  

r 

= 2(Z'L/2~)½ exp ( - -r2/2)+2fn~(r) ,  
where 

S ~ ( r )  = ( 2 ~ ) - ½  ( - u ~ / 2 ) d u  0 e x p  

Since 

f .+ rL ,  <iFl~> = 2 

it  follows t h a t  the test  rat io <[F[>m/<[F[2> is given by  

ma~.0L ~ ---- 4[(2z)-½ exp (--r2/2) + r~v(r)]2[1 + r~] -1 . 

When  r = 0, ma~.Oi,~ = 2/~ = 0"6366. 

When r --> 0% max .~ )~ , r  --> 1 .  

Values of ma~.~L r are given in Table 1. 

3. Oblique projections containing two heavy atoms 

3.1. Plane group p l  

Let  the unit  cell contain two heavy  a toms (H) and 
m light a toms (L), and choose the origin midway  
between the heavy  a toms so t h a t  

where 
F(hlc) = x + i y ,  

m 

x = 2 f n X +  ~,f~ cos 2z~(hxi+kyi), 
i = 1  

ra 

Y = ~ , f i  sin 2:~(hxi+]cyi) , 
i = l  

X = cos 2zc(hxB+kyB). 

The probabi l i ty  p ( X ) d X  of obtaining a value of X 
between X and X ÷ d X  is 

p ( X ) d X  = dX/p~(1-X~)½ , 

and the probabi l i ty  px([F[)d[F[ of obtaining a value 
of IF[ between IF] and [F[+d]F[  for fixed X is 
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px([F[)d lFI  -- 21FI(EL) -~ exp [--(IFl~+4f2HX2)/2L] 

× Io (4 fHXlF l /ZL)d iF]  • 
Since 

p(IFI)dIFI  = p x ( I F I ) d [ F ] p ( X ) d X  
X = - - I  

a n d  

( [ F I >  = IFIp(IFI)dIFI, 
o 

i t  follows t h a t  

<IFI> = IFlpz(lFl)p(X)dXdIFI.  
X = - - I  IFl=O 

Subs t i tu t e  X -- sin c¢ a n d  

<I I> = [FI exp [ - I F l e + 4 f ~  s in '  a)/ZL] 
¢0 0 

×Io(2fB[F ] sin a / E z ) d a g l Y I  . 

l 
~12 

= (XU~)½ R~(~)d~, 
*)o 

where  

- :  R~ (cQ = exp ( - r  2 s in  2 ~) [ (1 + 2r 2 sin ~ a ) I  0 (r 2 sin I ~) 

+ (2r ~ sin e ~ ) I  t (r ~ sin e ~)] • 
As 

<[FI"> = 2 f ~ + Z z ,  
P/t~/2 ] 2 

W h e n  r -- O, ~ 1 , ,  = # / 4  = 0 .7854 .  

W h e n  r --> ~o, ~01,, -> 8 / ~  = 0 .8106 .  

Va lues  of ~1,  ~ fo r  va r ious  va lues of r are g iven  in  
Table  1. 

3.2. Plane group p2 

Fol lowing the  me thods  used in §§ 2.2 and  3.1, there  
is ob t a ined  

~ , ,  = ( 4 / ~ ) ~ ( l + r ~ )  - ~  /?2(o~)do~  , 

where  

R~.(c¢) = (27~)-½ exp ( - r  ~ sin 2 ~) 

+ (V2.r sin a)q~(~/2 . r  sin a) . 

W h e n  r = 0, c~i,r = 2/7r = 0"6366. 

W h e n  r -~ ~ ,  c~, ~ -+ 8/xr2 = 0 .8106.  

Values of ~ i ,  r are g iven  in  Table  1. 

4.2. Plane groups p m m ,  pmg,  pgg, cmm 

W i t h  one h e a v y  a tom in the  a symmet r i c  un i t  

• nl4(S) cos_ cos 
cos hx H cos ]cy H + 4 ( 8 )  /~1 f i  sin hxi sin F -- 4 (8 ) f  H sin sin .= kyi 

where the  va lue  8 corresponds to cmm and  the  va lue  4 
to the  o ther  p lane  groups.  

I n  the  l imi t ing  case when  r = 

where 

and  

F = 4 ( s ) f . x ,  

X = cos. hxH cos ]cyH 
sm sin ' 

p(IXI)dIXI = (4/avU)K(l-lXl2)~dIXI, 

where K is the  comple te  ell iptic in tegra l  of the  f i rs t  
k ind.  Values of K are t a b u l a t e d  by,  among  others ,  
Flfigge (1954, pp. 84-109).  

• 71 
4/:rg 2 , 

Since 

i t  follows t h a t  

W h e n  r = 0 

<IXl~> = i ,  

= 4(4/~9) ~ = 0 .6570.  

c~9~, r = 0 . 6 3 6 6 ,  

so t h a t  as r varies over  the  range  0 _< r _< ~ ,  ~c~, r 
varies on ly  s l ight ly  f rom the  va lue  g iven  b y  Wi l son .  
Accordingly ,  results  for i n t e rmed ia t e  values  of r h a v e  
no t  been calculated.  

( I t  m a y  be m e n t i o n e d  here t h a t  the  tes t  r a t io  in t he  
case of the  p lane  group p2 wi th  two h e a v y  a toms  in  
the  a symmet r i c  un i t  is also descr ibed by  the  func t i on  
c ~ ,  ~.) 

For  the  case of one-half  h e a v y  a t o m  in  the  asym- 
metr ic  un i t  special  posi t ions  mus t  be occupied,  and ,  
depending  on whe the r  the  h e a v y  a toms  lie on centres  
of s y m m e t r y  or mi r ror  planes,  values  of max.~,r or 
~9~,r apply .  Care mus t  be exercised in th is  s i tua t ion ,  
for  in, for example ,  the  p lane  group pgg t he  h e a v y  
a toms  occupy the  pos i t ions  (0, 0) and  (½, ½-) and  so 
con t r ibu te  on ly  to  the  ref lexions for which  h +/c = 2n. 
For  these ref lexions the  app rop r i a t e  va lue  of ma~.~, 
should  be used, whereas  ~or the  ref lexions wi th  
h + k  = 2 n + l  the  va lue  for r = 0, i.e. Wi lson ' s  va lue  
of 0.6366, applies.  

4.  R e c t a n g u l a r  p r o j e c t i o n s  

4.1. Plane groups pm,  pg, cm 

For  the  case of one h e a v y  a t o m  in the  a symmet r i c  
un i t  the  analys is  g iven in § 3" 1 and  the  resul ts  t a b u l a t e d  
unde r  c~t,r apply .  

5. D i s c u s s i o n  

Table  1 shows t h a t  large dev ia t ions  f rom the  va lues  
of the  tes t  ra t io  given by  Wilson can occur for s truc-  
tures  con ta in ing  h e a v y  a toms,  and  t h a t  in th is  circum- 
s tance  a simple appl ica t ion  of Wi lson ' s  t e s t - r a t io  
values  could be mis leading,  the  largest  effect being 
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produced when the heavy  atoms are in special posi- 
tions. 

The acid salt  rubidium hydrogen di-o-nitrobenzoate 
provides such an example, being triclinic wi th  one 
molecule in the  uni t  cell. The exper imental ly  deter- 
mined value of ~ is 0.76 (Speakman,  1957), suggesting 
t h a t  the space group is P1.  In terpola t ion  in Table 1, 
however,  for r = 1.77 (Sim, 1958) gives 

m~x.Qi,~=l.7~ = 0"784, 

max.~)l,r=l.77 ---- 0"892 , 

indicating t ha t  the space group is real ly P1.  
I t  is also obvious from Table 1 t ha t  for large values 

of r it  m a y  be difficult to distinguish between a 
cent rosymmetr ic  and non-centrosymmetr ic  s t ructure,  
even when accurate  in tensi ty  measurements  are avail- 
able. For  triclinic cells containing one or two heavy  
a toms the  value of r a t  which this difficulty arises is 
about  r ~ 2 .5 -3 .0 .  

I f  we consider as an example a molecule consisting 
of M carbon atoms (hydrogen atoms m a y  safely be 
neglected), and a halogen a tom,  then this limiting 
value of r corresponds approximate ly  to the following 
numbers  of carbon atoms" 

Halogen M 
CI 2 
Br 6 
I 12 

In  the case of rec tangular  projections this diff iculty 
should arise only for cells containing fewer than  four  
heavy  atoms (or eight in the case of the choice be- 
tween cram and cm). 

I am indebted to the Univers i ty  of Glasgow for an 
I.C.I.  Research Fellowship, during the tenure of which 
this work was carried out. I wish to t h a n k  Prof. J .  M. 
Robertson for reading the manuscr ip t  of this paper  and  
Dr  J .  C. Speakman  for providing the  exper imental  
d a t a  for rubidium hydrogen di-o-nitrobenzoate. 

References 
COLT,IN, R. L. (1955). Acta Cryst. 8, 499. 
CRA~a ,  H. (1937). Random Variables and Probability 

Distributions. Cambridge: University Press. 
FL~3GGE, W. (1954). Tables of Transcendental Functions. 

London : Pergamon Press. 
HARGREAVES, A. (1955). Acta Cryst. 8, 12. 
HOW-ELLS, E. R., PHILLIPS, D.C.  & ROGERS, D. (1950). 

Acta Cryst. 3, 210. 
RICE, S .O.  (1954). Mathematical Analysis of Random 

Noise. Published in Noise and Stochastic Processes. 
(Editor :N. Wax.) New York:  Dover Publications. 

SIM, G.A.  (1958). Acta Cryst. l l ,  123. 
SPEAKMAN, J .C.  (1957). Personal communication. 
WATSON, G. N. (1922). A Treatise on the Theory of Bessel 

Functions. Cambridge: University Press. 
WILsoN, A. J.  C. (1949). Acta Cryst. 2, 318. 

Acta Cryst. (1958). 11,423 

The Crystal  Structure of 1: 14-Benzbisanthrene  

BY JAMES TROTTER* 

Chemistry Department, The University, Glasgow W. 2, Scotland 

(Received 13 September 1957 and in revised form 4 November 1957) 

The crystal structure of the aromatic hydrocarbon 1 : 14-benzbisanthrene, C3oH14 , has been deter- 
mined from the projection down the short crystal axis (c = 4.68 A) by use of the Patterson syn- 
thesis and trial methods. The structure is rather unusual in having two molecules in the asym- 
metric unit. All the atoms are well resolved in projection, and the measured bond lengths compare 
well with those predicted by superposition of Kekuld structures. 

Introduction 
Bisanthrene (I) readily adds maleic anhydr ide  to form 
an adduct ,  which yields 1:14-benzbisanthrene (II) on 
decarboxylat ion (Clar, 1957), exact ly  analogous to the 
conversion of perylene into 1 : 12 benzperylene. 
However,  while benzperylene can be converted into 
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